Abstract: The shapes of target surfaces are nonplanar on many occasions such as undulating road and roof of the tunnel, while the lighting quality generated by traditional nonimaging optical lenses still needs to be further improved. As a result, a novel method is proposed for the design of optical elements generating uniform irradiance distribution on nonplanar target surfaces. A matrix is introduced instead of a single height parameter for improving the mathematical model of asymmetrical lenses, hence a modified mathematical model based on single LED chip and desired irradiance distribution of the nonplanar target surface is established. By solving the equations with the iterative method, the asymmetrical lenses can be obtained through commercial CAD tools. Three different nonplanar surfaces are used to verify the validity of the proposed method, including an inner-spherical surface, undulating surface and arched surface. The results show that the illumination uniformity of the target surface can reach over 70%, and the light efficiency is more than 83%, which are much better than that generated by traditional methods.
Introduction
With the rapid development of light distribution technology, researchers have proposed various design methods to achieve a desired irradiance distribution on target surfaces, which have become the kernel issue in this field. Typically, previous reports mainly focus on structural designs [1] , [2] , solution methods [3] - [6] , and specified irradiance distribution [7] etc. These designs demonstrated that the issue discussed above can be efficiently solved by secondary optics design.
In order to improve the efficiency and illumination uniformity of LED lighting systems, previous research in this field [8] , [9] were unfolded mainly on designing freeform surfaces with several basic methods. Most of these designs were based on rotationally symmetric freeform surfaces, which cannot meet the requirement of some complex target surfaces, such as rectangular region. Then researchers intended to develop some methods to generate rectangular illumination on target surfaces, and most of them designed asymmetrical freeform surfaces to redistribute the light. Optical element proposed by Moiseev et al. [10] is one of the typical structures, which can produce a rectangular irradiance distribution on target surface, and the efficiency reached 78.4% while the non-uniformity of the generated irradiance distribution was less than 7.3%. Subsequently, Moiseev et al. [11] presented a new lens consisted of a structure of TIR (Total Internal Reflection) and a refractive freeform surface, which were used for rectangular illumination with a large aspect ratio (17:4 and 17:2) . Rectangular illumination can also be produced by a complex structure consisted of TIR structural and diffuser [12] . In that research, several symmetric uniformly illuminated line segments generated by TIR lenses were used for secondary linear light sources, and the final efficiency can be as high as 83%. Luo et al. [13] proposed a feedback modification method based on variable separation mapping, which can be used to optimize rectangular illumination and the uniformity of illumination distribution was boosted from 18.75% to 81.08% with eight feedbacks. There has been extensive research work on rectangular illumination [14] - [16] , and these studies have certain practical and theoretical values, but it still fails to satisfy the increasing demand of the illumination, such as target surface of arbitrary shape. Considering of above problems, Lee et al. [17] presented a special structure which was mainly composed of a cluster of LEDs with TIR lenses and a microlens array, in which TIR lenses collimated light from LEDs and the microlens array redistributed the light to the target surface, which can achieve the uniform trapezoid illumination. In order to improve the lighting quality of roadways with curved and twisted shapes, Sun et al. [18] presented a design example based on the above mentioned method [17] .
In addition to the microlens arrays, lenses based on special mesh generating method or MongeAmpere (MA) equations can also be used to uniform illumination with arbitrary shapes. Mao et al. [19] proposed an approach to generate arbitrarily shaped illumination based on the polar-grids construction method, obtained high-efficient freeform lenses with the efficiency more than 80%, and the RSD of the illumination distribution less than 10%. Wu et al. [20] , [21] changed problem of solving freeform surface into a nonlinear boundary problem for the elliptic MA equations, and designed a lens with freeform surface which generated some special uniform patterns (e.g., "ZJU") on target surface. Based on the above research, this method was applied to a street lighting system [22] , and the experimental results confirmed that the required irradiance distribution generated can be well adapted to curved and twisted shapes on a planar surface. However, the emphasis of these designs was on obtaining desired irradiance distribution on the plane, but neglected the nonplanar surfaces, which have a large proportion in practice, such as undulating road, curved bridges, complex illumination surfaces (furniture, steps and ground) in indoor lighting, and some nonplanar industrial parts in visual inspection system, etc., Fig. 1 shows an undulating road, where the lighting performance (uniformity, efficiency and light pollution etc.) is equally important. Meanwhile, the existing methods mentioned above did not discuss the feasibility about the nonplanar lighting, and seem to have no proof of producing a uniform distribution on nonplanar surfaces. Actually, based on the problem mentioned above, the cosine-cubed concept [23] which is an extension of the cosine law can be used in some far fields such as road lighting, but as a far-field approximation method, Fig. 2 . The mapping relations between the projection and the nonplanar surface, grids matrix G(i * j) on the projection finds its corresponding grids on the nonplanar surface through matrix H(i * j), which can be obtained by calculating or measuring the heights of each point on the nonplanar surface.
the lighting quality of which are still to be improved. As a result, increasing efficiency and uniformity of lighting on nonplanar surfaces becomes an emerging problem but received little research work so far.
In this paper, an asymmetrical design method is proposed to generate uniform irradiance distribution on nonplanar surfaces with high efficiency. The design method will be explained in details. In order to verify the applicability of the method, three different nonplanar surfaces (inner-spherical surface, undulating surface and arched surface) are chosen for the test, and three optical elements are designed respectively. The uniform and efficiency of the optical components generated by the proposed method are shown and also compared with that from the traditional methods, which further validates the present research work.
Design Method
The nonplanar surface can be modeled approximately by a set of grids with the same normal vector, firstly, its projection on the XOY plane can be divided into several grids G(i * j). Then the heights of each point can be obtained by measuring or calculating. Assign these heights to a matrix H(i * j), which represents the height of the whole nonplanar target surface. Fig. 2 shows the mapping relations between the projection and the target surface. It should be noted that the center point of each grid should be ensured on the nonplanar surface.
Grids on the projection are moved to the appointed location based on the matrix H(i * j), so the nonplanar surface is converted into the approximate grid model, and the precision of the approximate grid model would enhance significantly as the increasing of the number of the girds. Fig. 3 shows the final approximate grid model, where the freeform surfaces redistribute the energy emitted from LED, Take the matrix H(i * j) into the mathematical model of the refractive surface, a series of 2D curves can be calculated in different directions and combined into asymmetrical surfaces.
In the design, the refractive surface has the refractive index n A . LED located on point O (origin of the coordinate) can be approximately taken as a point source. The outer medium is usually the air with refractive index n B = 1.
As is shown in Fig. 2 , the projection of the nonplanar target surface on the XOY plane is divided into several grids G(i * j), each grid is quite small compared with the whole target surface. The light energy of LED is redistributed into these grids based on the heights matrix H(i * j), so the energy of each row E(j) in the G matrix can be expressed as Where the E ave is the average energy on each grids, W is the width of the projection of the nonplanar target surface on the XOY plane, and x j+1 − x j is assumed to be constant. Using the conservation of energy, the desired energy received by target surface can be expressed as
On the left side of the equation, I 0 is the axial light intensity of LED, θ and ϕ are the light source emission angles. The double integral represents the energy of LED within the range of θ(j) to θ(j + 1). So the relationship between the source emission angle θ(j) and the target location x j can be obtained as follows
Set the result of the Eq. (3) as the initial value, and the energy of each grid E (i, j) in the G matrix can be expressed as
Where the(x j+1 − x j ) · (y i +1 − y i ) can be taken as a constant, then the energy conservation equation can be expressed as
On the left side of the equation, the double integral represents the energy of LED within the range of (θ(j), ϕ(i , j)) to (θ(j + 1), ϕ(i + 1, j + 1)). So the relationship between the source emission angle (θ(j), ϕ(i , j)) and the target location (x j , y i ) can be obtained as follows.
Select an initial point Q 11 (x 1 , y 1 , z 1 ) on the row of the matrix G, it is not difficult to get the conclusion that N 11 = n A · I 11 − O 11 based on the Snell law, where the N 11 is the normal vector, I 11 is the incident vector and O 11 is the outer vector. Then the parameters of next points Q j,1 (x j+1 , y 1 , z j+1 ) on the longitudinal curve asymmetrical surface is obtained based on Eq. (6), which can be expressed as.
Where the O x , O z , I x , I z , N x , N z represent the components of vectors, matrix H(i * j) contains all heights of matrix G(i * j), which determines the discrete points on the asymmetrical surface, so the next points Q j,1 (x j+1 , y 1 , z j+1 ) can be expressed as
Where the θ(j) can be obtained by Eq. (3). Solving the Eq. (8) with iterative method, a set of discrete points are then obtained, which can be precisely fit to the longitudinal curve of asymmetrical surface. Select these discrete points as the initial value of the horizontal curves, then substituted into iteration equations, which can be written as
Where the ϕ(i , j) can be calculated by Eq. (6), and other parameters are given by Eq. (10). Finding out the numerical solution of Eq. (9) with iterative method, and then these obtained discrete data are fitted into several 2D curves which can be combined into an asymmetrical lens. The accuracy of asymmetrical lens increases with the increase of the number of 2D curves. 
Solved Examples
The above mentioned method for calculating the discrete data of the asymmetrical lenses can be implemented in software Matlab (version R2016b is used), and then these data are imported into a CAD software Solidworks (version 2012 is used), a CAD model of asymmetrical lens is hence obtained. Optical software TracePro (version 7.4.3 is used) is employed to simulate and verify the lighting quality of the nonplanar illumination. In the simulation test, the power of the LED is 1 Walt, the number of rays in ray tracing is 1,000,000, and the FFT grid of the target surface is 128 × 128, which is used to control the size of smoothed data grid and describe the resolution.
The solved examples that follow start with the simplest symmetric structure constructed. A hemisphere surface with radius of radius 200 mm is selected to test the proposed method. Unlike the construction method of asymmetrical lenses, symmetric lens just needs a single 2D curve, which is given by Eq. (8) . By rotating the obtained 2D curve about the Z axis, a symmetric lens can be obtained. As shown in Fig. 4 , for comparative analysis, a traditional symmetric lens was designed to get uniform illumination on a planar with the same radius. Fig. 5(a) and (b) show the 3D irradiance distribution on an inner hemisphere surface generated by the proposed lens shown in Fig. 4(a) , while the Fig. 5(c) and (d) is generated by the traditional lens shown in Fig. 4(b) . The distance from the LED to the inner spherical surface is 100 mm, the uniformity of the proposed lens is 88.0%, defined as U =
E mi n E max
, and the efficiency is 93.7%, defined as E = F lux E mi tted flux while the traditional lens is 25.0% and 91.4%, respectively. Symmetric lenses have a lot of limitations in practice, thus, it is necessary to design asymmetrical lenses to satisfy the complex illumination.
To test the limitation of lens' sizes, based on point sources, 5 different size of freeform lenses are calculated by changing the initial iteration point, the center thickness of which are 10 mm, 30 mm, 50 mm, 70 mm, 90 mm, respectively, while the size of sources can be approximately taken as point sources compared to the size of whole system, and the lens-height ratio can be expressed as 1:10, 3:10, 5:10, 7:10, and 9:10, respectively. Different lenses with point sources are simulated in TracePro 7.4.3, the simulation results are shown in Table 1 and Fig. 6 .
With the increase of the lens-height ratio, the illumination uniformity and the energy efficiency have a small decrease, while the uniformity retains above 84%, and the energy efficiency still be kept above 92%, so it seems that the size of the lens is not the main factors which affect the illumination uniformity and efficiency. axis, respectively. In order to facilitate analysis, a traditional asymmetrical lens was also designed to get uniform illumination on a planar region with the same size.
Irradiance distribution on undulating surface generated by the proposed lens is shown in Fig. 8(a) , where the light efficiency is 86.7% and the uniformity reaches 84.9%. In the calculation process, the undulating surface is subdivided into 400 × 1000 3D grids. Because of the limited single height, irradiance distribution produced by traditional lenses on undulating surfaces need to be further improved, as is shown in Fig. 8(c) , where the uniformity of distribution on the undulating surface is only 47.4% while the light efficiency is less than 73.7%. The comparison of Fig. 8(a) and Fig. 8(c) shows that when generating the irradiance distribution on undulating surface, traditional lens fails to produce uniform illumination with high efficiency.
But it seems that illuminance of the corners in Fig. 8(a) is lower than other region, it should be caused by the precision of the lens. The illuminance of corners are determined by the edge region of the lens based on the Eq. (4) and Eq. (5), so the number of the 2D curves should be increased to improve the illuminance of corners. In addition, the increase of the computation time should also be considered in design.
It is necessary to obtain a uniform irradiance distribution on the concave such as arched surfaces in some situations. Fig. 9 depicts a curved surface projection and a concave road. Fig. 10 depicts a comparison of irradiance distribution on an arched surface generated by the proposed lens and traditional lens. The size of the arched surface is 40 m × 10 m × 20 m, which is subdivided into 200 × 1000 3D grids, and the maximum height at which the arched surface can extend is 8 m. Irradiance distribution on arched surface generated by the proposed lens is shown in Fig. 10(a) , where the light efficiency is 80.1% and the uniformity reaches 79.3%, while the irradiance distribution uniformity in Fig. 10(c) is 71.9%, which is produced by traditional lens, the light efficiency of which is less than 78.4%. From the above results, it can be concluded that the proposed lens has a much better lighting quality on arched surface than the traditional lens which is not effective in generating uniform distribution on nonplanar surface.
However, the lighting performance is influenced by many factors, the influence of the grid sizes, grid number, gradient of the target surface and manufacturing defects of this approximate model should be considered in the design method in future work, in addition, size of LEDs or extended sources should also be discussed for further research. 
Conclusions
The design method proposed in this paper can be applicable to generate uniform irradiance distribution on nonplanar surfaces with high efficiency. Three nonimaging lenses based on different target surfaces (inner spherical surface, undulating surface and arched surface) are produced to prove the validity of this method. The results show that the lighting quality of the lenses designed by the proposed method has better performance compared with that generated by traditional method. For example, on the undulating surface with the size of 40 m × 10 m × 2.6 m, the uniformity of the lighting lens designed by the proposed method reaches 84.9%, while the traditional lens is only 47.4%, and also provides an increase in light efficiency about 13% compared with that by traditional method, it can generate a tailored-uniform illumination, which can be used to reduce the number of street lamps, improve the efficiency and simplify the lighting system. The research work will broaden the outlook of uniform illumination in practical applications.
